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Simulations of compressible boundary-layer flow at three different Reynolds numbers (Re� � 5:59 � 104,

1:78 � 105, and 1:58 � 106) are performed using a hybrid large-eddy simulation/Reynolds-averaged Navier–Stokes

method. Variations in the recycling/rescaling method, the higher order extension, the choice of primitive variables,

the Reynolds-averaged Navier–Stokes to large eddy simulation transition parameters, and the mesh resolution are

considered in order to assess the model. The results indicate that the present model can provide good predictions of

the mean-flow properties, second-moment statistics, and structural features of the boundary layers considered.

Normalized turbulent statistics in the outer layer are found to be independent of Reynolds number, similar to

incompressible turbulent boundary layers.

Nomenclature

A, B = constants in van Driest transformation
Cf = skin friction
Ckleb = constant in Klebanoff intermittency function
CM = model constant for subgrid viscosity
Cp = specific heat at constant pressure, J=kg � K
C� = turbulence-model constant
d = distance to nearest wall, m
k = turbulence kinetic energy, �m=s�2
M = Mach number
Prt = turbulent Prandtl number
p = pressure, N=m2

q = flow property
R = gas constant, J=kg � K
Re = Reynolds number
r = wall recovery factor
S = strain rate, 1=s
T = temperature, K
t = time, s
u, v, w = velocities in x, y, z directions, m=s
uj = velocity component in coordinate direction j, m=s
uvd = van Driest–transformed velocity, m=s
u� = friction velocity, m=s
x, y, z = distances in streamwise, wall-normal, spanwise

directions, m
xj = coordinate direction j, m
� = turbulence-model constant
� = blending function
�kleb = Klebanoff intermittency function

� = ratio of specific heats
� = filter width, m
� = boundary-layer thickness, m
� = ratio of turbulence length scales
� = structure angle
� = von Kármán constant
	ci = swirl strength
� = molecular viscosity, kg=�m � s�
�t = eddy viscosity, kg=�m � s�

 = kinematic viscosity, m2=s

t = kinematic eddy viscosity, m2=s
� = wake parameter
� = density, kg=m3

� = turbulence-model constant

 = Taylor microscale, m
� = vorticity magnitude, 1=s
! = turbulence frequency, 1=s

Subscripts

t = turbulent
w = wall
0 = reference condition for boundary-layer thickness
1 = freestream

Superscripts

0 = fluctuation
� = wall coordinates based on local kinematic viscosity

and friction velocity

I. Introduction

R ECENTLY, high-fidelity models, such as direct numerical
simulation (DNS), large-eddy simulation (LES), and hybrid

large-eddy/Reynolds-averaged Navier–Stokes (RANS) techniques,
have been developed to predict turbulent shock/boundary-layer
interactions [1–3]. These methods have shown an ability to directly
capture the unsteadiness of the interactions and to improve our
understanding of the underlying physics of complicated high-speed
flows. Predictions of high Reynolds-number flows still remain a
challenging issue in DNS or LES due to the large computational
requirements necessary to resolve near-wall turbulence. Because of
their use of near-wall modeling, hybrid LES/RANS methods [3–6]
offer the potential to compute flows at high Reynolds number with
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much less expense than LES or DNS. Accurate predictions would
appear to require that most of the boundary layer be computed
as a large-eddy simulation, but there has been little work done in
determining exactly how well the boundary-layer structure is
predicted using these techniques, particularly for high Reynolds
numbers.

The objective of the present work is to examine the effects of
various modeling and algorithmic parameters on the ability of a
representative hybrid LES/RANS method [3] to predict mean-flow
and second-moment statistics for a selection of well-characterized
compressible turbulent boundary layers. The baseline model uses a
flow-dependent blending function to shift the closure from a RANS
model (Menter’s baseline) [7] near solid surfaces to a large-eddy
simulation approach farther away. A key to the performance of the
method is the precise embedding of the RANS component of the
closure within the boundary layer and the use of recycling/rescaling
techniques [3,6,8–11] to sustain the development of larger turbulent
structures in the outer layer. To assess the effects of different
variations in the formulation, we perform parametric studies based
on the flat-plate boundary-layer experiment of Luker et al. [12]
(Re� � 1:78 � 105 andM1 � 2:80). These studies vary the position
of the average RANS-to-LES transition, the mesh resolution, the
higher order extension, and the choice of recycling/rescaling
strategy. Finally, the model is used to simulate experiments of
Elena and Lacharme [13] (Re� � 5:59 � 104 and M1 � 2:32) and
Smits andMuck [14] (Re� � 1:58 � 106 andM1 � 2:79) in order to
assess the Reynolds-number independence of the formulation. The
numerical methods and physical models used in the investigation are
presented in Sec. II. The results of the assessment of the hybrid LES/
RANS model and the effects of Reynolds number on turbulent
boundary-layer development are discussed in Secs. III and IV,
respectively, and some conclusions are presented in Sec. V.

II. Numerical Methods

The governing compressible Navier–Stokes equations are
discretized in a finite-volume framework [15]. Inviscid fluxes are
discretized using a low-diffusion flux-splitting scheme [16], whereas
viscous and diffusive fluxes are discretized using second-order
central differences. A dual-time stepping implicit method is used to
advance the equations in time. At each time step, a Crank-Nicholson
discretization of the equations is solved to a prescribed tolerance
using a subiteration procedure. The matrix system resulting from
the linearization of the equation system is approximately solved
using a planar relaxation procedure at each subiteration. To enhance
computational efficiency, matrix elements are evaluated and factored
every second time step and are held fixed over the duration of the
subiterations.

A. Turbulence Closure

The hybrid LES/RANS model used in the present study [3] is
based on Menter’s k–!=k–" model [7] and only involves modifi-
cations to the eddy viscosity description:
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As the blending function � approaches 1, the closure approaches
its RANS description, and as it approaches zero, a subgrid eddy
viscosity is obtained. This work uses a mixed-scale model [17] for
the subgrid eddy viscosity, defined as
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An estimate of the subgrid kinetic energy is obtained by test
filtering the resolved-scale velocity data:

q2 � 1
2
� ~uk � ~̂uk�2 (3)

The blending function� is based on the ratio of thewall distance d
to a modeled form of the Taylor microscale:
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where � is set to tanh�1�0:98� to fix the balancing position (where
��2 �

�������
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p
) to �� 0:99, and the Taylor microscale is defined as
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p
. The constant � is chosen to enforce the average

RANS-to-LES transition (�� 0:99 position) for equilibrium
boundary layers at the point where the wake law starts to deviate
from the log law. To determine � for a particular inflow boundary
layer, the following procedure is used [3]. First, a prediction of the
equilibrium boundary layer is obtained, given freestream properties,
a specifiedwall condition (adiabatic or isothermal) and a value for the
boundary-layer thickness, from Coles’ law of the wall/wake along
with the van Driest transformation:
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An initial estimate for the outer extent of the log layer is defined by
finding the value of d�w such that�
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The value of d� � u�d=
 that corresponds to this value of d�w is
then found through the use of Walz’s formula for the static
temperature distribution within the boundary layer:
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The model constant is then found by the equivalence d� � �2,
which arises from the use of inner layer scaling arguments for k and
!. It should be noted that this approach is not universal, as the wake
law is not universal. Reynolds-number effects, freestream pressure
gradients, and surface curvature, for example, can all influence the
shape of the wake region and the location at which it deviates from
the logarithmic region. In this investigation, we use a spatially
varying form of the model constant �� ��x� by applying the above
procedure to the boundary-layer thickness distribution as determined
by a RANS simulation.

B. Interface Flux Reconstruction

We consider two methods for extending the baseline first-order
upwind method [16] to higher order in this study. The baseline
scheme is the piecewise parabolic method (PPM) [18], which
reduces to a fourth-order approximation to the interface flux:

Fi�1=2 � Fi�1=2�VL;i�1=2;VR;i�1=2� (10)

with

V L;i�1=2 � VR;i�1=2 �
7

12
�Vi � Vi�1� �

1

12
�Vi�2 � Vi�1� (11)

if the data are sufficiently smooth. The PPM enforces local
monotonicity by resetting left- and right-state values if local extrema
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are detected. Specifically, the following limiting procedure is
performed:

if sgn��VL;i�1=2�Vi��Vi�VR;i�1=2�	��1; then

VL;i�1=2�VR;i�1=2�Vi

else

C�VL;i�1=2�VR;i�1=2; D� 6
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2
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elseif ��CC>DC� then VL;i�1=2� 3Vi� 2VR;i�1=2

end if

end if (12)

The first “if” block in Eq. (12) resets the interpolation function to a
constant ifVi is a localmaximumorminimum. The second “if” block
in Eq. (12) resets either the left-state value at interface i� 1=2 or the
right-state value at interface i� 1=2 so that the interpolation parabola
that connects the interface states with the state at the cell center is
monotonically increasing or decreasing. It is also possible to enforce
physical constraints (such as positive pressures and densities) at the
cell interfaces by a similar cell-by-cell resetting algorithm. We also
test the use of fifth order upwind-biased interpolations as a
replacement for Eq. (11):
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We also consider different choices for the variable vector
used in the reconstruction: V � ��; u; v; w; T; k; !	T and V�
�p; u; v; w; T; k; !	T . In the discussion that follows, the use of the first
set of variables will be denoted as SCHEME��; T� (SCHEME being
PPM4 or PPM5), while the second is denoted as SCHEME�p; T�.
The PPM requires a seven point stencil in each coordinate direction
for both the fourth- and fifth-order variants.

C. Inflow Generation Methods

A key element of the hybrid LES/RANS formulation is the use of
recycling/rescaling techniques to initiate and sustain grid-resolved
turbulent structures in the outer part of the boundary layer. Among
recycling/rescaling techniques recently proposed in the literature for
compressible flows [3,6,8–11], we consider three variants in the
present study. In the first method, the recycled and rescaled velocity,
temperature, and density fluctuations are imposed onto the RANS
mean inflow [3,6]. The density fluctuations are adjusted so that a
specified rms value (2% in this work) for the pressure fluctuations is
maintained, and the temperature fluctuations are also scaled so that
Morkovin’s hypothesis is not violated [3]. In the second method, we
separately recycle and rescale the mean and fluctuating velocity and
temperature fields. The density field is obtained by enforcing a
constant-pressure condition at the inflow [8]. In the third approach,
recycled and rescaled mean and fluctuating density fields are also
imposed as inflow conditions without assuming that the pressure
remains constant [9].

The current technique also includes an intermittency function for
preventing recycled fluctuations from affecting the freestream

regions and in some cases, from accumulating too much energy in
the outer part of the boundary layer. In this, recycled and rescaled
fluctuations are multiplied by a Klebanoff-type intermittency
function [19]:

�kleb�d� � �1� �d=Ckleb�in�6��1 (14)

where Ckleb is a model constant and �in is the inflow boundary-layer
thickness, before being added to themean profile. Our baseline value
for Ckleb is 1.1; other choices for Ckleb are considered in the present
study. Turbulence variables �k; !;�� are recycled and rescaled
without decomposing them into mean and fluctuating components
[3]. Details are given in the Appendix.

D. Computational Details

Three different high Reynolds-number flows developing on flat
plates are considered in the present study. For each case, the
boundary-layer properties corresponding to the reference experi-
ments are shown in Table 1. The Reynolds numbers (based on the
boundary-layer thickness) range from 5:59 � 104 to 1:58 � 106. The
incoming Mach number ranges from 2.32 to 2.80. Mean-flow and
second-moment data for these boundary layers have been reported in
[12–14,20–23]. Based on the thickness (�0) of the boundary layer at
the measurement station, the sizes of the computational domain
are 10�0, 5�0, and 6:4�0 in streamwise, wall-normal, and spanwise
directions, respectively. The baseline meshes are generated so
that approximately 20 uniformly spaced cells per incoming
boundary-layer thickness are present in the streamwise and span-
wise directions, and each mesh contains 200 � 128 � 200 cells
(5:12 � 106) in the streamwise, spanwise, and wall-normal
directions, respectively. The grids are clustered to the surface in the
wall-normal direction using a hyperbolic tangent stretching function
so that the minimum grid spacing in wall units is less than 1.

The incoming boundary layer is generated by using the recycling/
rescaling methods described in the previous section. The recycling
station is located at 7:5�0 downstream of the inlet. Supersonic
outflowboundary conditions are used at the far field and outlet, while
a no-slip boundary condition is used at the wall. A constant wall
temperature of 276K is specified for the Smits andMuck [14] case, in
accord with published information on this experiment, while an
adiabatic wall condition is used for the other cases. Periodic
boundary conditions are used in the spanwise direction. The initial
condition is a RANS 2-D flat-plate solution, to which a rescaled
fluctuation field from an earlier calculation is superimposed [3].
Following a period of about five flow-through times to remove initial
transients, time- and span-averaged statistics are collected over a
minimum of 10 flow-through times (100�0=U1). The computational
time step ranged from 0:25–0:4 �s, with the differences in time step
being related to variations in the mesh sizes discussed later.

III. Assessment of the Hybrid LES/RANS Method

If the LES/RANS model of Edwards et al. [3] operates as
designed, the outer layer will be computed as a large-eddy simulation
and will force the development of the inner layer so that a uniform
boundary-layer structure will emerge in the time and span average.
The sensitivity of this response to various factors should be
determined, however, to understand the limitations of the approach
and to establish practices that consistently lead to acceptable
boundary-layer predictions. For this purpose, we characterize the
effect of modeling and algorithm parameters on turbulent statistics
through comparisons with experimental data of Luker et al. [12].

Table 1 Turbulent boundary-layer properties for the referenced experiments

Case M1 �0, mm U1, m=s Re� Po, pa To, K Ref. experiment

E0 2.32 10 (12) a 552 5:59 � 104 5:0 � 104 291 Elena and Lacharme [13]
L0 2.80 9.9 602 1:78 � 105 2:1 � 105 298 Luker et al. [12]
S0 2.79 25 562 1:58 � 106 6:9 � 106 263 Smits and Muck [14]

aNote that * is based on 99.9% of freestream velocity.

CHOI, EDWARDS, AND BAURLE 2181



In that reference, experimental uncertainties for the velocity mea-
surements are estimated to range between 1.3 and 3.3% of the
freestream velocity, depending on the location within the boundary
layer. Experimental uncertainties for the rms fluctuation intensities
range between 0.08 and 0.26% of the freestream velocity, and
uncertainties for the Reynolds-shear stresses (u0v0) range between
0.002 and 0.029% of the square of the freestream velocity. Table 2
shows the numerical parameters for the cases computed as part of this
assessment as well as those for the Elena and Lacharme [13] and
Smits andMuck [14] experiments. Note that the characters L, E, and
S represent the Luker et al. [12], Elena and Lacharme [13], and Smits
and Muck [14] experiments, respectively. Predictions at the target
location are compared with mean-flow velocity profiles and
Reynolds-stress measurements from the references. Reynolds shear-
stress predictions are normalized by the wall shear stress at the
measurement location, whereas Reynolds streamwise and wall-
normal stresses are presented as rms fluctuation intensities u0rms and

v0rms, which are normalized by the edge velocity. Distances from the
wall are normalized by the target (experimental) boundary-layer
thickness so that the ability of the methods to predict the growth rate
of the boundary layer can be assessed more clearly. Velocities are
normalized by the predicted edge velocity.

A. Effect of Model Constant for LES/RANS Transition

First, we focus on the effect of model constant �, which shifts the
target position of the midpoint of the LES/RANS transition region.
The procedure in Sec. II.A, when applied to the 2-D flat-plate
boundary layer as predicted by the RANS model, gives a spatially
varying constant that may be regressed as a linear distribution
��x� � 22:276� 0:145�x=�0�. This distribution is used as the
baseline and is designated as �0�x�. This choice is designed to force
the time-averaged LES/RANS transition to occur at the point where
thewake law just begins to depart from the logarithmic law.With this

Table 2 Numerical parameters of the present hybrid LES/RANS simulations

Case � Ckleb Recon. variables Scheme �=� Inflow method

L0 �0 1.1 p, T PPM4 20 Edwards et al. [3]
L1 �m 1.1 p, T PPM4 20 Edwards et al. [3]
L2 �0 2.0 p, T PPM4 20 Edwards et al. [3]
L3 �0 1 p, T PPM4 20 Edwards et al. [3]
L4 �0 1.1 �, T PPM4 20 Edwards et al. [3]
L5 �0 1.1 p, T PPM5 20 Edwards et al. [3]
L6 �0 1.1 p, T PPM4 10 Edwards et al. [3]
L7 �0 1.1 p, T PPM4 30 Edwards et al. [3]
L8 �0 1.1 p, T PPM4 10 Urbin and Knight [8]
L9 �0 1.1 p, T PPM4 10 Stolz and Adams [9]
E0 �0 1.1 p, T PPM4 20 Edwards et al. [3]
S0 �0 1.1 p, T PPM4 20 Edwards et al. [3]
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Fig. 1 Effect of model constant � on a) mean velocity profiles and Reynolds-shear stress predictions, b) streamwise and wall-normal Reynolds-stress

predictions, and c) velocity profiles in wall coordinates.
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choice, the entire logarithmic region is heavily influenced by the
RANS closure even though some turbulence structure and significant
unsteadiness is still present. Another possible choice of the model
constant is to use the midpoint of the logarithmic layer as the average
transition location. A regression equation for the second choice
is �m�x� � 12:771� 0:036�x=�0�. Figure 1 compares the mean
velocity profile and Reynolds stresses obtained using the baseline
�0�x� distribution and the �m�x� distribution. Other modeling
parameters are given in Table 2. The predictions obtained using the
baseline distribution �0�x� are in good agreement with experimental
results (Fig. 1a), while the second choice �m�x� leads to an overly
energetic near-wall velocity profile (Fig. 1c). The Reynolds-shear
stresses are overpredicted in the entire boundary layer for the �m�x�
distribution (Fig. 1a), reaching values well in excess of thewall shear
stress, but the predictions of the Reynolds normal stresses in the near-
wall region show slightly better agreement with experimental results
when the �m�x� distribution is used. In Fig. 1a and in subsequent
ones, the modeled component of the Reynolds-shear stress is
indicated toward the left axis (y=�0 ! 0). The modeled component
decays nearly to zero through the action of the blending function

(though a subgrid component remains) and is supplanted by the
resolved Reynolds stress in the outer layer. The total Reynolds stress
can be estimated by summing themodeled and resolved components.
The modeled components of the Reynolds normal stresses are
neglected in Fig. 1b and in subsequent ones. In our code, we absorb
the trace of the modeled Reynolds-stress tensor into the effective
pressure. The remaining normal-stress components are very small in
the near-wall region when the Boussinesq hypothesis is invoked, and
as such, high accuracy in normal-stress predictions near the surface
cannot be expected. The boundary-layer thickness as indicated by the
Reynolds-stress measurements is overpredicted for both cases. This
example shows that a precise embedding of the RANS component of
the LES/RANS model is a critical factor in achieving accurate
turbulent statistics for very high Reynolds-number flows.

B. Effect of Interface Flux Reconstruction

Years of experience with DNS and LES methods have shown
that higher order, minimally dissipative numerical methods with
high bandwidth efficiency are required to sustain turbulent eddy

Fig. 2 Effect of reconstruction variables on a) mean velocity profiles and Reynolds-shear stress predictions, b) streamwise and wall-normal Reynolds-

stress predictions, c) transverse-velocity magnitude snapshots of PPM4�p;T�, and d) of PPM4��;T�.
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structures. When shocks are considered, then it becomes more
difficult to meet these requirements, as they conflict with the need to
maintain monotone capturing of discontinuities to avoid numerical
instabilities.We consider two aspects of the reconstruction procedure
in the context of the baseline PPM scheme presented in Sec. II.B.
The effects of the choice of the variable vector [PPM4��; T� or
PPM4�p; T�] used in the reconstruction are shown in Fig. 2. Other
modeling parameters are the same as those of the baseline case. The
shape of the mean velocity profile is not very sensitive to this choice,
whereas the levels of Reynolds-shear and wall-normal stresses are
increased significantly in the outer part of the boundary layer for
the PPM4��; T� reconstruction, relative to that provided by the
PPM4�p; T� reconstruction.Thismightbeexplainedby the following
two factors. First, the interface pressure, for the PPM4��; T�
reconstruction, will be obtained as a product of the interface density
and temperature. The difference in the pressure gradient as calculated
from this formulation and that obtained directly from thePPM4�p; T�
reconstruction can be interpreted as a blend of diffusive and
antidiffusive terms, and it is possible that these additional transport
mechanisms give rise to the amplification of transverse-velocity
components. Another factor is that the PPM limiting procedure may
act more strongly on the pressure than it does on the density and
temperature.Thiscouldmeanthatgrid-scalenoise in thepressurefield
isdampedmore strongly in thePPM4�p; T� reconstruction, leading to
a suppression of similar noise in the transverse-velocity components.
More smaller-scale structures are captured for PPM4��; T�, par-
ticularly toward the outer part of the boundary layer, as shown in the
transverse-velocity magnitude snapshots of Figs. 2c and 2d. The
energy contained in these structures appears to be in excess of that
expected, based on the comparisons with experimental data, and this

behavior can lead tounphysical levelsof boundary-layer growth if the
spatial domain is long enough.

Next,we compare twodifferent variable-extrapolation techniques,
PPM4�p; T� and PPM5�p; T�, for the reconstruction of the fluid
properties at the interface. The PPM4 scheme can be viewed as a
central-differencing scheme that is stabilized through the local use of
monotonicity-preserving techniques. Such schemes may be subject
to aliasing due to the nonlinearity inherent in the flux functions.
The fifth-order, upwind-biased extrapolations used in PPM5 should
be less susceptible to aliasing effects. Figure 3 shows that there are no
essential differences in the predictions of the mean velocity profile
and second-moment quantities provided by PPM4�p; T� and
PPM5�p; T�.

C. Effect of Inflow Generation Method

The effects of the three inflow generation methods described in
Sec. II.C are described in this section. The interface fluxes are
reconstructed by PPM4�p; T�, the baseline model-constant distri-
bution �0�x� is used, and the constant Ckleb in the intermittency
function is set to 1.1. Figure 4 illustrates the effect of the Urbin and
Knight procedure [8] for rescaling the mean inflow profile as
comparedwith the use of a RANS inflow profile [3] and the Stolz and
Adams procedure [9]. The results indicate that rescaling the mean
and fluctuating fields using the Stolz andAdams procedure [9] yields
slightly better predictions for the mean velocity profile, particularly
in the inner region. The resolved Reynolds stresses for all cases fall
within the data ranges of the experiments. In detail, some differences
in Reynolds-shear stresses are observed in the inner region, while no
significant difference is found in the outer region. The predictions of
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the Reynolds normal stresses show no significant difference among
the methods. All cases show that the boundary-layer thickness at the
target location is overestimated, with this quantity being reduced
slightly when the fixed RANS mean inflow is used. All methods
result in a transition region near the inlet (extending 
3�0 down-
stream) [9] where the flow attempts to adjust to the imposed inflow
condition through the generation of various compression/expansion
waves. The growth of the boundary layer is delayed in this transition
region until these waves are attenuated.

To prevent recycled fluctuations from affecting the freestream
regions, we use a Klebanoff-type intermittency function to damp
recycled fluctuations [Eq. (14)]. The extent of the intermittency
function is controlled by themodel constantCkleb. Figure 5 shows the
effect of Ckleb on the mean velocity profile and Reynolds-stress
distributions. IncreasingCkleb allowsmore amplification of turbulent
fluctuations in the outer region, leading to more growth of the
boundary layer. The shapes of the profiles do not change significantly
except near the outer edge of the boundary layer, where the wake
region expands in accord with the increase in Ckleb. The choice of
Ckleb � 1:1 provides better predictions based on the experimental
results. Recently, Sagaut et al. [11] reported that existing inflow
generation methods cannot sustain target values for boundary-layer
integral properties over long integration times, and this observation is
confirmed in our work. The intermittency function appears to help
maintain a target boundary-layer thickness while also isolating the
freestream region from being affected by the recycling procedure.

D. Effect of Spatial Resolution

The spatial resolution in thewall-transverse directions (streamwise
and spanwise directions) is also expected to influence predictions of

theboundary-layer structure.For thehybridLES/RANSmethods, the
mesh should be generated so that the outer layer is resolved
adequately. We use the Escudier mixing length (
0:1�0) [19] as an
upper bound for themesh spacing and choose half of this value as the
baseline mesh spacing (�=�� 20). To examine the effects of mesh
resolutiononthepredictedquantities,weconsider three levelsofmesh
refinement (10 cells=�0, 20 cells=�0, and 30 cells=�0) as shown in
Table 2. Figure 6 shows that the mean velocity profile and Reynolds
stresses for the baseline grid simulation are in good agreement
with those for the fine-grid simulation. The wall-normal Reynolds
stress and the resolved Reynolds-shear stress are underpredicted
for the coarse-mesh simulation. The underprediction of the resolved
Reynolds-shear stress is partially compensated for by an increase in
the modeled Reynolds-shear stress, and as such, the mean velocity
profile is relatively unaffected by the mesh resolution. This result is
encouraging as it indicates that acceptable results might be obtained
on marginally resolved meshes for the present hybrid LES/RANS
technique.

IV. Compressible Boundary-Layer Flows
at High Reynolds Numbers

Using the baseline parameters [PPM4�p; T�, Ckleb � 1:1,
Edwards et al.’s recycling/rescaling [3], 20 cells=�0], we apply
the method to experiments [13,14] conducted at Reynolds numbers
lower and higher than the baseline [12] to test the Reynolds-
number independence of the present model and to illustrate the
effect of the Reynolds number on the mean and instantaneous
turbulent flow structure. The boundary-layer properties for each
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case are listed in Table 1 and the corresponding numerical
parameters are shown in Table 2.

A. Mean Velocity and Reynolds Stress

Figure 7 compares results from the hybrid LES/RANS
computations with hot-wire and laser Doppler anemometer (LDA)
measurements reported by Elena and Lacharme [13]. Experimental
uncertainty estimates [13] range from0.06 to0.66%formeanvelocity
(�u=u), from 4.7 to 10% for rms velocity fluctuations (�

������
�u02

p
= �u02),

and less than 30% for Reynolds-shear stress (�u0v0=u0v0). The
regression equation for themodel constant � is extracted from a prior
RANS computation: ��x� � 13:409� 0:100�x=�0�. The results
showgoodagreementwith theexperimentaldata.Compared to recent
DNSdataof thiscase [24], theReynoldsstressesarecomparable in the
outer part of the boundary layer but differ near the wall due to the
presence of the RANS component in the turbulence closure. Figure 8
shows mean velocity profile and Reynolds-stress predictions for the
present method as applied to the Smits and Muck [14] experiment.
Experimental uncertainty estimates [14] for rmsmass-fluxfluctuation
and Reynolds-shear stress measurements are reported as�5 to�9%
for the former and�27 to�11% for the latter. A regression equation
��x� � 72:389� 0:356�x=�0� from the initial RANS computation is
used. Good agreement with the experimental data is evidenced,
though the wall-normal Reynolds stress is slightly underpredicted.
The results shown in Figs. 1, 7, and 8 indicate that the present hybrid
LES/RANS method is able to provide a degree of Reynolds-number
independence in the predictions of the boundary-layer structure.

Figure 9 plots van Driest-transformed velocity profiles for the
different Reynolds-number cases. As expected, the extent of the
logarithmic layer increases with the increase in Reynolds number.
Figure 10 shows the effect of Reynolds number on the Reynolds
stresses. The wall-normal coordinate is normalized by the predicted
boundary-layer thickness at the 7:5�0 location. The peak positions of
the Reynolds stresses move away from the wall as the Reynolds
number increases. This might be related to the effect of the RANS
closure. In the outer layer, there is no significant variation in the
Reynolds-stress distributions with respect to Reynolds number.
These results indicate that, given similar Mach numbers [25], the
outer layer scaling of the turbulent statistics has no dominant
dependence on Reynolds number, similar to observations in
incompressible flows [26].

B. Boundary-Layer Properties

The time-averaged skin-friction coefficientCf is determined from
the averaged streamwise velocity and the molecular viscosity
computed according to Sutherland’s law using the time-averaged
temperature [25]. Figure 11a shows a comparison of the present Cf
with several experimental results [12,13,21,27–30] as a function of
Reynolds number based onmomentum thickness. Variations ofCf in
the computational domain are marked as error bars. A theoretical
prediction of the skin-friction variation for incompressible flows [26]
is also shown in the figure. The present results are in good agreement
with a regression (based on power law) of the experimental data.
Figure 11b shows the time-averaged streamwise evolution of the
boundary thickness for the different Reynolds-number cases.
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Fig. 7 a) Mean velocity profiles and Reynolds-shear stress predictions, and b) streamwise and wall-normal Reynolds-stress predictions for the Elena
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Empirical correlations based on power-law relations for the
boundary-layer integral parameters [25] are also shown in the figure.
The growth rates of the boundary layer in the correlations are
readjusted to the incoming boundary-layer thickness used in
the present simulations. The present growth rates indicate two
distinct features. First, the initial growth rates for all cases are under-
estimated, relative to the empirical correlations. Secondly, after a
transition region of 
3�0 (discussed earlier), the boundary layer
redevelops, and the corresponding growth rate maintains the
empirical rates except for the case corresponding to Elena and
Lacharme’s experiment [13]. The predicted boundary-layer thick-
nesses at the target location are larger than the experimental values
by 1 to 6%.

C. Swirl Strength

We visualize turbulent structures using the swirl strength 	ci [31],
which indicates the degree of coherence in the structures. The swirl
strength is the imaginary part of the complex conjugate eigenvalue of
the velocity gradient tensor. Figure 12 plots the swirl strength for the
three boundary layers considered herein. The isosurfaces are based
on a criterion that 	ci equals to 2:5 �	ci, where �	ci is themean value for
each boundary layer. To distinguish thevortical structures in the outer
layer, structures in the range y=�0 < 0:2 are excluded. The colors
represent the levels of spanwise vorticity from �2 to 2. Several
hairpinlike vortices are observed, and elongated structures in the
streamwise direction are also clearly captured in all cases. Patterns

of the structures show no significant differences among the cases,
though some structures in the Elena and Lacharme [13] case reach a
higher level of spanwise vorticity.

Figure 13a shows the mean values of the swirl strength as a
function of wall-normal distance. The mean values are computed
using 40 time realizations of the instantaneous flow field, separated
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by approximately 3:0�0=U1.We use the data in a streamwise interval
4 � x=�0 � 9 to avoid the initial transient effects discussed in the
previous section. The swirl strength is normalized as 	�ci�
	ci��0=u��, considering a time scale �0=u� in the boundary layer. The
swirl strength linearly decreases as the boundary-layer edge is
approached, implying an increase in the turbulence time scale. In
general, the decay rates of the mean swirling strength show no
significant differences for the three different boundary layers. This
implies that the evolution of the turbulent structures in the outer part
of the boundary layer (y=�0 > 0:3) is similar for the different cases.
Peak values of the mean swirl strength are observed near y=�0 
 0:2,
where the resolved Reynolds-shear stresses are at their maximum,
and the peak values decrease as the Reynolds number is increased.
This reduction may be related to inadequate resolution in the buffer
region and to the increase in themodeled component of the Reynolds
stress as the Reynolds number increases. Figure 13b shows
probability density functions P�	�ci� of the normalized swirling
strength. The probability density functions are computed by binning
the swirl strength values in the entire boundary layer and then
ensemble averaging:

P�	�ci� �
h
R
�V
N�	�ci�dViR

h
R
�V
N�	�ci�dVid	�ci

(15)

where �V is the interrogation domain, h i represents an ensemble
average, and N�	�ci� is a number of events in a bin representing 	�ci.
The most probable values of the swirl strength are found near the
location where log10�	�ci� is approximately 0.8. This result also
implies that the predominant (normalized) turbulence time scale in
the outer layer does not strongly depend on the Reynolds number.

D. Velocity Correlations

Two-point correlations based on the streamwise velocity fluc-
tuations (u0) are determined to investigate their coherence. The
streamwise–spanwise (Rxz) and streamwise–normal correlations
(Rxz and Rxy) are defined as

Rxz��x;�z; yref� �
u0�x; yref ; z�u0�x��x; yref ; z��z�

�2u0 �yref�
(16)

Rxy��x; y; yref� �
u0�x; yref ; z�u0�x��x; y; z�

�u0 �yref��u0 �y�
(17)

where �x and �z are the streamwise and spanwise separation
distances, yref is the reference wall-normal location, �u0 is the rms of
u0, and the overbar indicates a spatial and ensemble average. The
correlations are defined as �2 � �x=�0 � 2 and �1 � �z=�0 � 1
in the streamwise and spanwise directions, respectively.

Figure 14a shows streamwise–spanwise correlations (Rxz) for the
Smits and Muck [14] case at four different reference locations,
yref=�0 � 0:3, 0.5, 0.7, and 0.9, which span the outer part of the
boundary layer. The contour levels range from �0:1 to 1.0 with
increments of 0.1. Note that negative levels are marked by dashed
lines and that the zero contour level is not shown. Elongated positive
correlations neighbor elongated negative correlations in the stream-
wise direction at yref=�0 � 0:3. The streamwise length of the positive
correlations (Rxz � 0:1) decreases but the spanwise length increases
when the reference position is located farther away from the wall.
Note that the streamwise length is at least 2 times larger than the
spanwise length below yref=�0 � 0:5. Near the boundary edge, the
structure tends to bemore isotropic. This is consistent with the results
of experiments [28,32]. Figure 14b shows streamwise–normal
correlations (Rxy) at different reference locations. A forward-leaning
structure which contains a significant spatial coherence in the

Fig. 12 Vortical structures visualized using an isosurface of �ci � 2:5 ��ci for three different Reynolds-number flows; a) the Elena and Lacharme [13]

case; b) the Luker et al. [12] case; c) and the Smits and Muck [14] case.
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downstream direction is found at yref=�0 � 0:3. Also the correlation
value at y=�0 � 0:9 is nonnegligible (approximately 0.13). This
implies that thewall-normal extent of the forward-leaning structure is
comparable to the boundary-layer thickness. As the reference
position is located farther away from thewall, the correlations appear
more symmetric in the streamwise direction. These results are also
consistent with previous findings in supersonic boundary layers
[28,33]. Two-point correlations for the other cases show similar
trends.

E. Integral Length Scale

Figure 15 shows the autocorrelation profiles of the streamwise
velocity fluctuations for the Smits and Muck [14] case at yref=�0 �
0:2 and 0.6 compared with those of Ganapathisubramani [33]. The
computational and experimental results indicate that the correlations
are consistently higher at yref=�0 � 0:2 than at 0.6,which implies that
larger streamwise structures are present. The present predictions
show good agreement with experiment within j�x=�0j � 0:25,
while significant differences are observed for larger separation
distances. The results show that the correlations at yref=�0 � 0:2 do
not converge to zero level within the interrogation window but those
at yref=�0 � 0:6 converge, whereas the correlations for both locations
did not converge in the experiment. This indicates that the stream-
wise integral length scale based on the autocorrelations within a
short window can underpredict the true length scale. Therefore, we
consider the integral length scale above yref=�0 � 0:3, where the

elongated tail of the autocorrelations is sufficiently captured within
the window.

Figure 16 shows the variation of the streamwise integral length
scale versus distance away from the wall. The results show that the
integral length scale decreases from 0:7�0 to 0:4�0 as the outer edge of
the boundary layer is approached. No significant differences in the
normalized length scales are found for the three Reynolds numbers
considered. The present length scales indicate an overprediction
compared to the early experiments [34–40] listed in Dussauge and
Smits [41],which show that the length scale varies between 0:1�0 and
0:6�0 for compressible boundary layers. They underpredict recent
results [33] which used direct measurements of the spatial cor-
relations and indicate that the length scales are at least 2 times
larger than found in the early experiments. The proper quantitative
estimation of integral length scales remains an open issue. However,
the present results indicate that the integral length scale decreases in
the outer part of the boundary layer, consistent with more recent
observations [33], and that the length scales expressed using outer
scaling have no significant dependence on Reynolds number.

F. Structure Angle

We calculate the average structure angle as a function of wall-
normal distance using two-point spatial correlations of the stream-
wise fluctuating mass flux ��u�0. The corresponding correlations
are defined as

Ra��x; y� �
��u�0�x; y; z� � ��u�0�x��x; y� yp; z�

���u�0 �y����u�0 �yp�
(18)

where yp is a probe separation distance. The correlations were
spatiotemporally averaged in the streamwise and spanwise directions
for 40 time realizations of the instantaneous flowfield. Note that the
sampling distance of data sets in the spanwise direction is considered
as the boundary-layer thickness to avoid interference of the turbulent
structures. The domain of the correlation is limited as �1 �
�x=�0 � 1 in the streamwise direction. Using ensemble-averaged
correlations, the structure angle at different wall-normal locations is
then computed as

��y� � tan�1�yp=xp�y�� (19)

where xp�y� is the peak location of the correlation at a given wall-
normal distance y. The evaluation of the structure angle for each time
realization can introduce a relative bias error in finding the peak
position of the correlations, because the resolution of the structure
angle is ��
 10 deg near �� 50 deg for yp � 0:2�0. Ringuette
et al. [42] evaluate the structure angle at each time and then average
the data.

Figure 17 compares the average structure angles in the present
simulation of the Smits and Muck [14] case with the results of Spina
et al. [43] for four different probe separation distances (yp=�0 � 0:09,
0.21, 0.30, and 0.40). Note that the angles at the wall-normal
distances (y � �0 � yp) where the correlation is very weak are
excluded in the figure. It should be noticed that a smaller separation
distance is able to detect better coherences in the turbulent structure
but the resolution of the structure angle will be worse. The optimal
distance used to define the structure angle will be dependent on the
grid resolution of the simulation. In the present study, the separation
distance yp=�0 � 0:21 gives the best results compared to the experi-
mental results, while yp=�0 � 0:05 is found to be an optimum in the
direct numerical simulation of Ringuette et al. [42]. The present
results indicate that the structure angles in the outer part of the
boundary layer vary from 54 deg � � � 61 deg, whereas previous
experiments [43,44] have reported a range of 45 to 60 deg formost of
the boundary layer. We have extended the analysis of the structure
angle to the Elena and Lacharme [13] and Luker et al. [12] cases
based on the separation distance yp=�0 � 0:2. The results for the
structure angle (Fig. 18) indicate no significant Reynolds-number
dependence in the outer part of the boundary layer.
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Fig. 13 The effect of Reynolds number on a) mean values and

b) probability density functions of the normalized swirling strengths.
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V. Conclusions

Simulations of compressible boundary-layer flows at three
different Reynolds numbers (Re� � 5:59 � 104, 1:78 � 105, and
1:58 � 106) have been performed using a hybrid large-eddy/
Reynolds-averaged Navier–Stokes method. The model uses a flow-
dependent RANS-to-LES transition function to shift the closure from
Menter’s two equation RANS model [7] near walls to the mixed
subgrid-scale model [17] in the outer part of the boundary layer. To
assess the present hybrid LES/RANS model, the effects of various
modeling and algorithmic parameters on the predictions of mean-
flow quantities and second-moment statistics have been determined.
Structural features such as swirl strength, two-point correlations,
integral length scales, and structure angles have also been deter-
mined, and the following conclusions can be stated:

1) The RANS/LES blending function should be designed to
transition to LES toward the outer part of the logarithmic region for
accurate predictions of the composite structure of the boundary layer
and the Reynolds-shear stress levels.

2) Reconstructing the interface flux from extrapolated pressure
and temperature (as opposed to extrapolated density and tem-
perature) is more effective in suppressing grid-scale noise in the
transverse-velocity components, and this leads to better predictions
of the outer layer turbulent structure.

3) The choice of the variable-extrapolation method (fourth-order
central versus fifth-order upwind biased) does not significantly
influence predictions of the low-order turbulent statistics.

4) The choice of the recycling/rescaling strategy for the inflow
properties does not significantly affect the predictions.All result in an

adjustment distance of approximately 
3�0 before the boundary
layer begins to grow.

5) The use of a Klebanoff-type intermittency function to attenuate
fluctuations in the outer part of the boundary layer helps keep the
boundary-layer growth within the target range.

6) A resolution metric of 20 cells=boundary-layer thickness in
the wall-transverse directions yields predictions almost identical to
those obtained using 30 cells=boundary-layer thickness. Results
obtained using only 10 cells=boundary-layer thickness in the wall-
transverse directions are not grossly inferior to the refined-mesh
results (at least for the Reynolds number tested), indicating that
acceptable predictions of the boundary-layer structure might be
obtained on meshes scaled according to the Escudier mixing
length [19].

7) In general, the present hybrid LES/RANSmodel provides good
predictions of mean-flow properties, second-moment boundary-
layer statistics, and turbulence structural features. Reynolds-number
independence in the outer layer is found to hold for second-moment
statistics and structural features.

Appendix: Baseline Inflow Generation Method

The baseline inflow generation method is based on a recycling–
rescaling procedure described by Edwards et al. [3], which is closely
related to the technique presented by Urbin and Knight [8].
Fluctuations in the fluid properties at a recycle plane (q�
��; u; v; w; T	) are extracted by subtracting the instantaneous profile
from a time- and span-averaged profile. The fluctuation fields are
then rescaled according to boundary-layer similarity laws. Specific
data locations at the inflow plane are filled by searching away
from the wall for the positions where 1) the wall coordinates (d�w ) at
the recycle/inflow planes are matched, and 2) the d=� values at the
recycle and inflow planes are matched. Velocity fluctuations at
the inflow plane are scaled by the ratio of the friction velocities at the
recycle and inflow planes. This process yields two sets of fluc-
tuating fields, which are then combined into one using a blending
function defined in [6]. The rescaled fluctuations are superimposed
onto a RANS mean inflow profile. Turbulence-model variables
(q� �k; !;�	) are recycled and rescaled directly (without decom-
posing them into mean and fluctuating components). A Klebanoff-
type intermittency function [Eq. (14)] multiplies the recycled and
rescaled fluctuations to prevent excessive turbulence energy accu-
mulation in the outer part of the boundary layer:

qin � qRANS � �klebq
0
rec

for primitive variables q� ��; u; v; w; T	 (A1)

qin � �1 � �kleb�qRANS � �klebqrec

for turbulence-model variables q� �k; !;�	 (A2)

This procedure also ensures that the RANS freestream inflow
properties are not altered outside the boundary layer. We also require
that the recycled temperature fluctuations be no greater than allowed
by Morkovin’s hypothesis. From Morkovin’s hypothesis,

CpT
0
mork ����kleb�uRANSu0rec � vRANSv0rec �wRANSw

0
rec�

� 1
2
�2
kleb�u02rec � v02rec �w02rec�	 (A3)

and the recycled temperature fluctuation is limited as follows:

�klebT
0
recjlim � �klebT

0
rec min�1:0; jT 0morkj=j�klebT

0
recj� (A4)

To obtain a corrected value for the density fluctuation, we first
introduce a provisional value of the pressure fluctuation as deter-
mined from the recycled density fluctuation:

p0prov � R��RANS�klebT
0
recjlim � �kleb�

0
rec�TRANS � �klebT

0
recjlim�	

(A5)
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Fig. 17 Average structure angle based on different wall-normal probe
separations for the Smits and Muck [14] case.
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We then require that the pressure fluctuation be limited to a user-
specified multiple of the mean pressure (2% in the cases described
herein):

p0provjlim � p0prov min�1:0; 0:02pRANS=jp0provj� (A6)

Finally, we obtain the corrected value of the density fluctuation from
the limited pressure and temperature fluctuations:

�0rec � �p0provjlim � �RANSR�klebT
0
recjlim�=R�TRANS � �klebT

0
recjlim�

(A7)
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